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The heat conduction equation is re-studied by the semi-inverse method combined
with separation of variables; a new variational principle for the heat conduction
equation is obtained. Equivalence of the existed two in literature is shown. The sig-
nificance of variable separation is confirmed once more.
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Variational principle to the heat conduction
Consider the 1-D heat conduction eq. [1]:
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where T is the temperature, and k – a non-zero constant.
The boundary conditions are T(a, t)=g ( t), T(b, t)=h(t) and the initial condition is
T(x,0 )=f (x).
Following Joseph Fourier in 1822 [1], assume the non-zero solution to the problem
(1) in the form:
T(x,t) = F(x)Y(t) (2)
Plugging (2) into (1), there are uncoupled ordinary differential equations for F and Y,
respectively: d 2
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with l a constant.
By the semi-inverse method [2-4], we obtain the variational principle:
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with x in [a, b], and t in [0, t0].
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obtain the following Euler-Lagrange equations:
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Because Y and F, respectively, are single variable function in t and x,s od 2Y/dx2 =0
and dF/dt = 0. Equations (6) and (7), therefore, reduce to, respectively, eqs. (3) and (4).
Equation (5) can be rewritten in the form:
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which is subject to the constraint: T(x, t)=F(x)Y(t)  0.
Remarks
The variational method is based on energy functional. Here energy includes three
parts: heat conducted; heat remained,and energy brought byviscous. Though eq. (8)here isdif-
ferentfromeq.(9)in[1]fromappearance, theratioonthethreepartsareequal. Soeq.(8)hereis
equivalent toeq.(9)in[1]. Inthis way,the significance ofvariable separation isconfirmedonce
more.
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